Prom inflation to a zero cosmological constant phase without fine tuning 
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We show that it is possible to obtain inflation and also solve the cosmological constant problem. 
The theory is invariant under changes of the Lagrangian density L to L + const. Then the con- 
stant part of a scalar field potential V cannot be responsible for inflation. However, we show that 
inflation can be driven by a condensate of a four index fleld strength. A constraint appears which 
correlates this condensate to V. After a conformal transformation, the equations are the standard 
GR equations with an effective scalar fleld potential 14/ / which has generally an absolute minimum 
Veff = independently of V and without fine tuning. We also show that, after inflation, the usual 
reheating phase scenario (from oscillations around the absolute minimum) is possible. 

I One of the biggest puzzles of modern physics is what is referred to as the "cosmological constant problem", i.e. 
^\ • the absence of a possible constant part of the vacuum energy in the present day universe On the other hand, 
0^ ' many questions in modern cosmology appear to be solved by the so called " inflationary model" which makes use of a 
' big effective cosmological constant in the early universe . A possible conflict between a successful resolution of the 
^ ' cosmological constant problem and the existence of an inflationary phase could be a "potential Achilles heel for the 
scenario" as has been pointed out Here we will see that indeed there is no conflict between the existence of an 
inflationary phase and the disappearance of the cosmological constant in the later phases of cosmological evolution 
\^ . (without the need of fine tuning) . 

PsJ ' In Refs. 0], 1^, @ we have developed an approach where the cosmological constant problem is treated as the absence 
of gravitational effects of a possible constant part of the Lagrangian density. In order to achieve this, we assume that 
' the measure of integration in the action is not necessarily y/—g {g — Det{gf^i,)) but it is determined dynamically 
through additional degrees of freedom. This theory is based on the demand that such measure respects the principle 
ly-j of nongravitating vacuum energy (NGVE principle) |Q which states that the Lagrangian density L can be changed 
to i + constant without affecting the dynamics. This requirement is imposed in order to offer a new approach for 
0^ the solution of the cosmological constant problem. Clearly this invariance is achieved if the measure of integration in 
: the action is a total derivative. This is satisfied if the measure appropriate to the integration in the space of 4 scalar 
^ ■ fields ipa, a = 1, ...,4, that is dV = d^pi A . . . h dip^ = ffd'^x where $ = £ai...aie'"'"'"'(5^i<Pai) ■ • ■ {df^^ipai)- 
— , There are two well known variational principles: the first and the second order formalisms, which are equivalent 
^ i' in the case of the general theory of relativity (GR). However, as it was shown the first and the second order 
I formalisms (starting from the same looking form of Lagrangian) are not equivalent in the context of the NGVE 
^jPj theories. The NGVE theory in the first order formalism leads to the resolution of the cosmological constant problem 
in a straightforward way H, § and in this paper, we will follow this approach. Furthemore, in the spirit of the 
^ theory, which assumes independence of the measure degrees of freedom from g^^, the first order formalism where the 



X 



independence of Fjj^ and in the action is assumed, is of course much more natural. 



According to the NGVE-principle, the total action in the 4-dimensional space-time should be written in the form 



S — J ^Ld'^x. We assume that L does not contain the measure fields (pa, that is the fields by means of which 
$ is defined. If this condition is satisfied then the theory has an additional symmetries Q. We start from the 
total Lagrangian density L = k~^R{T, g) + L^, where is the matter Lagrangian density and -R(r, g) is the scalar 
curvature R{T, g) — g'"'i?^y(r) of the space-time with the affine connection T^^ (the first order formalism is used, that 
is in the action, the connection T^j^ and the metric g^^^ are dynamically independent variables), Rf^i,(r) = ^J^iyct(r), 
R'^jyfjiT) = Y'^jy p + r^^r^j, — [v ^ f3). This curvature tensor is invariant under the A- transformation T^^, — 
r^j/ + ^"i^ju- Its importance in the NGVE-theory is that allows us to eliminate the contribution to the torsion which 
appears as a result of introduction of the new measure However, even after we fix a gauge where this contribution 
to the torsion disappears, still there is the non metric contribution Q to the symmetric connection related to the 
measure. In fact, solving the equations following from the variation of the action with respect to T^^ (in the case 
where does not depend on the connection F^^) and making use the appropriate A- transformation, we get 
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where {^^j are the ChristofFel's connection coefficients and 
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Inx, x = */V^- (3) 



In addition to this, in the vacuum and in some matter models, the theory possesses a local symmetry which plays 
a major role. This symmetry consists of a conformal transformation of the metric g'^y{x) = J{x)gfj_^{x) accompanied 

by a corresponding diffeomorphism ipa 'Pa — v'aifb) in the space of the scalar fields (pa such that J — Det{^^). 
Then for $ we have: ^'{x) = J{x)^{x). In the presence of fermions this symmetry is appropriately generalized 
For models where it holds it is possible to choose a gauge where the measure $ coincides with the measure of general 
relativity \J—g. This is why we call this symmetry "local Einstein symmetry" (LES). 

Varying the action with respect to p^a we get A^9q[— ■ii?(r, 5) + L^] = where = 

£aia.a36e''^^^''^"(5Mi¥'aJ(a^.¥'aJ(9p3<^a3)- Siucc A^a^^^b' = it foUows that Det{Al) = If $ ^ 0, 

we obtain 

^^(r, g) + -L„j ~ M — constant. (4) 

K 

Varying the action with respect to g'^'^ we get (for simplicity we present here the calculations for the case when 
there are no fermions) 



In the case where Lm does not depend on V^^, Eq. (Q) takes the form 



R,^i^) + ^,=^- (5) 



□x'/' - ) [R{9) - <L„, - M)]xi/2 - (6) 
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where R{g) is the Riemannian scalar curvature. 

Contracting Eq. (^) with 5^" and making use Eq. (^) we get the constraint 

For the cases where the LES is an exact symmetry, we can eliminate the mentioned above x-contribution to 
the connection. Indeed, for J — x we get x' = 1 and FJ^ = {"j^}', where are the Christoffel's coefficients 

corresponding to the new metric g'^^,. In this gauge the metric-affine space-time becomes a Riemannian space-time 
(in the absence of fermions). 

In the presence of matter, the LES may be lost. However, the theory still makes sense Q and the resolution of the 
cosmological constant problem is retained. Together with this, the LES appears to have a deep geometric meaning 

§• 

Now let us consider cases when the constraint {uh is not satisfied without restrictions on the dynamics of the matter 
fields. Nevertheless, the constraint (|^) holds as a consequence of the variational principle in any situation. 

A simple situation where the constraint (M) is not automatic is the case of a single scalar field with a nontrivial 
potential ¥{(/)). In this case the constraint implies 

y(0) + M = 0. (8) 

Therefore we conclude that, provided $ 7^ 0, there is no dynamics for the theory of a single scalar field, since the 
constraint (^) forces this scalar field to be a constant Inserting (||) into (^, we obtain D^^^^ — ^R{g)x^^^ = 0. 
This conformal coupling of x^^^ with R{g) shows that on the mass shell the LES is restored (this can be seen in all the 
other equations as well). Making use then of the gauge x = 1, we see that R{g) — and therefore the only maximally 
symmetric solution is Minkowski space. Consistency with the scalar field equation requires V = ^ — 0, that is (/> is 
located on an extremum of V{4>). 

As it follows from our analysis above, a model with only a scalar field cannot give rise to inflation since the 
gravitational effects of the scalar field potential is always cancelled by the integration constant M. We will see that 
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nontrivial dynamics of a single scalar field including the possibility of inflation can be obtained by considering a model 
with an additional degree of freedom described by a three-index potential A^^j, as in the Lagrangian density 

L = -ii?(r, g) + - V{^) + ^^F^p^,F''P^^r (9) 

Here Fap^v = d^aAp^^^^ is the field strength which is invariant under the gauge transformation Ap^^, Afj^^ + d^^pf^i,^ 
In ordinary 4-dimensional GR, the Fap^uF"''^^^'^ term gives rise to a cosmological constant depending on an integration 
constant In our case, due to the constraint (Q), the degrees of freedom contained in -Fq/j^i/ and those of the scalar 
field (j) will be intimately correlated. The sign in front of the Fap^,yF°'^^^'^ term is chosen so that in this model the 
resulting expression for the energy density of the scalar field is a positive definite one for any possible space-time 
dependence of (j) in an effective "Einstein picture" (see below). Notice also that two last terms in the action with the 
Lagrangian (^) break explicitly the LES. 

The gravitational equations take now the form 

- ^i?M-(r) + i^,^ 0,. +\F,,^p^Ff''^ = 0. (10) 

Notice that the scalar field potential V{4>) does not appear explicitly in Eqs. (p^. However, the constraint (|^), which 
takes now the form 

y(0) + A.f = -^F„/3^,F«^^^ (11) 

allows us to express the last term in (^0|) in terms of the potential V{(i>) (using the fact that F"-^^^ 
4-dimensional space-time). 

Varying the action with respect to A^af3: we get the equation dfj_{^F^'"^'^) ~ 0. Its general solution has a form (see 
definition (^)). 

paflfiu _ ^^cxfj^f _ ^g/j/jjy (12) 

where A is an integration constant. Then F^p^i^F'^^^^''' ~ — A^4!/x^ and therefore 

V{(t>) + M = 3AVx' (13) 
and F^ap-yF^f^'^ = — {&\^ 1x^)9 = — 2[y(0) -f M]g^i, (notice that Fapn^F"^'^'' is not a constant now as opposed to 



the GR case g). This shows how the potential V{(l)) appears in Eq. (10), spontaneously violating the symmetry of 
the action V{(j)) — > V{(j)) + constant, which now corresponds to a redefinition of the integration constant M. 
The equation of motion of the scalar field (f) is (-5)~^/^a^(\/^.g^''5^0) + <J,^, (j)'^ + V'{(l)) = 0, where V = 
The derivatives of the field a enter both in the gravitational Eqs. (|l0| ) (through the connection) and in the scalar 
field equation. In order to see easily the physical content of this model, we have to perform a conformal transformation 
Vfivi^) — X9tJ.v{^) to obtain an "Einstein picture". Notice that now this transformation is not a symmetry and indeed 
changes the form of equations. In this new frame, the gravitational equations become those of GR in the Riemannian 
space-time with metric g^j^ 

^/..(5o/3) - \9^.uR{9a,p) = ^T;fJ{<i>), (14) 
where the source is the minimally coupled scalar field 4> 

T^IH<P) = </',M<^,. - ^5^>a</'/3r'' +5m.K//(</') (15) 

with the new effective potential 

Veff^J^{V + Mf^'. (16) 

The scalar field equation takes a conventional form {—g)^^^^dn{^/—g g'^'^d^cf) + Vlff{4>) = 0. Notice again that the 
potential Ve//((/>) is non negative one which is a result of the choice of sign in front of the FappLyF"'^^^'^ term in (P). 
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We see that in the Einstein picture, for any analytic V{4>), Veff{(f>) has an extremum, that is VJ^j = 0, either when 
V' = OorV + M = 0. The extremum when V + M = corresponds to an absolute minimum (since Veff{4>) is non 
negative) and therefore it is a vacuum with zero effective cosmological constant. It should be emphasized that all what 
is required is that V -\- M touches zero at some point ipQ but V at this point does not need to vanish. Therefore no 
fine tuning in the usual sense, of adjusting a minimum of a potential to coincide with the point where this potential 
itself vanishes, is required. And the situation is even more favorable since even if V" + M happens not to touch zero 
for any value of 0, we always have an infinite set of other integration constants where this will happen. 

In the context of the cosmology, for the Friedmann- Robertson- Walker universe where in the Einstein picture 
(j) — (j){t) and ds^ — g^^dx'^dx^ — dt"^ — a'^{t)dP, dP — [dr^/{l — kr^) + r^dfl'^], we notice that due to the positivity of 
Vef / , all the known inflationary scenarios Q| for the very early universe can be implemented depending on the choice 
of the potential V{(j)). It is very interesting that the parameters ruling the inflation are controlled by the integration 
constants M and A. 

After inflation, when the scalar field approaches the position 0o of the absolute minimum of the potential V,,/ / , 
the x-field approaches infinity as it seen from the constraint (|l3|). To clarify the meaning of this effect, let us go back 
to the picture with the original g^j^ while still using the cosmic time t that was defined in the Einstein picture. Then 
equation for (j) is 



A{V + My A\/3 ^ ' 

where a'^{t) = a'^{t)/x{t), goo{t) = l/x(i) and constraint ( p^ have been used. 

Generally, (f> does not go to zero a.s (j) ^ (j)Q (and V{(j>) + M ^ 0). In this asymptotical region we can find the first 
integral of Eq. (p7|). Assuming that V'{(j>o) 7^ 0, i.e. without fine tuning, we get 

^a^{t) ~c[V{(j))+M]^/'^, c^ const {as 0-^0o), (18) 

which means that a(i) — > as (/) — s- 0o (notice that if we would have chosen a coordinate frame in the original picture 
such that ds^ = dt'^ - a'^{t')dP, then instead of (|l|) we would have gotten a^{t')d(j)/ dt' ~ c[V{4>) + Mfl"^ as </) ^o)- 
Then integrating the gravitational equations we get asymptotically (as — > 0o) that a}(t) — a^lx(t\ oq = const, 
that is in the original frame there is a collapse of the universe from a finite a to a = in a finite time and therefore 
the Riemannian curvature goes to infinity as (j) 4>q. This pathology is not seen in the Einstein frame due to the 
singularity of the conformal transformation = x^^^ at (p — (pQ. In fact, this is not a problem from the point of 
view of physics, since a.s (j) ^ <Po (and F((/)) + M ^ 0), the LES becomes restored at the critical point cp = (po where 
V{(j)o) + M ~ 0. In the presence of the LES, the conformal transformation g^^[x) = X9tii^{^) becomes part of the 
LES transformation and represents a nonsingular gauge choice. 

A real problem in the scenario discussed above is the fact that at the point (j) = (po we have Ve/f = 0, V^j:j = but 
V"jj: diverges at = 0o. This causes problems both in the cosmological picture when considering the possibility of 
small oscillations arround the minimum and in the associated particle physics, since masses of scalars, like for example 
the Higgs mass, will appear always infinite. 

It turns out that the model with the Lagrangian density (^) described above is only a representative of a family of 
possible models with actions S = J ^Ld'^x where 

L = --R{r,g) + - V{^) - ^—(^F^^^^F'^^^n", (19) 

K 2 Ap — 1 

where still Fapfiu = 9[Q^/3^iy]. Here p ^ 1/4 is a real number parametrizing the family of Lagrangians (p^). In this 
case, once again solving the equation of motion obtained from variation with respect to Afj^i^a and then using the 



associated constraint that replaces (11) wc obtain instead of Eq.(|l3| 



XVx'-^^iV{cf>)+Mr-'^P (20) 



Then instead of Eq.(16) the associated effective potential in the Einstein picture is 



Veff = -^{V + A/)2-i/2p. (21) 



As before, the extremum when V + M = corresponds to an absolute minimum (for any p > 1/2) and therefore it 
is a vacuum with zero effective cosmological constant. We can now notice that the limit p — > cxd is critical one, since in 
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this limit Veff = ^ + M)^ and for any analytical function V{(j)), all derivatives of the effective potential Veff{(j)) 

arc finite at the absolute minimum = 0o where V^(0o) + M = 0. In particular, Vj,"y(0o) oc [y ((^o)]^ is finite (and 
nonzero if we do not carry out the fine tuning V^'(0o) = 0). Therefore the Higgs boson, in particular, can reappear as 
a physical particle of the theory. In the context of cosmology where Ve/ficj)) plays the role of the inflaton potential, 
a finite mass of the inflaton allows to recover the usual oscillatory regime of the reheating period after inflation that 
are usually considered. 

The incorporation of gauge fields and fermions into the family of Lagrangians (^9|) has also many interesting features 
in the Einstein picture like the appearence of normal Maxwell dynamics in the low energy limit in the abelian case 
and standard Yang-Mills behavior in the nonabelian case, the appearence of mass for fermions, etc.. In the associated 
particle physics, the p oo limit has remarkable features as well. These subjects will be studied in a longer publication 

§. 

As one of the referees of this paper pointed out, the picture presented here should be regarded as a preliminary one. 
In particular, questions that concern reheating and density perturbations have to be analyzed. Here, in addition to the 
usual possibility of choosing the potential of the scalar field which governs the cosmological processes mentioned before, 
this model has the additional integration constants M and A which also enter in the effective potential. Therefore 
we hope that this model will provide more possibilities to obtain naturally the correct density perturbations and 
reheating. 
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